We prove the existence of solutions to the asymptotic Plateau problem for hypersurfaces of prescribed mean curvature in Cartan-Hadamard manifolds N . More precisely, given a suitable subset L of the asymptotic boundary of N and a suitable function H on N , we are able to construct a set of locally finite perimeter whose boundary has generalized mean curvature H provided that N satisfies the so-called strict convexity condition and that its sectional curvatures are bounded from above by a negative constant. We also obtain a multiplicity result in low dimensions.
Introduction
In this note we consider an asymptotic Plateau problem for hypersurfaces of prescribed generalized mean curvature and asymptotic behaviour at infinity on Cartan-Hadamard manifolds that have strictly negative curvature upper bound −α 2 and satisfy the so-called strict convexity condition. We call such hypersurfaces as H-mean curvature hypersurfaces, where H : N → [−H 0 , H 0 ] is a given continuous function, with 0 ≤ H 0 < (dim N − 1)α. Recall that a Cartan-Hadamard manifold N is a complete, connected, and simply connected Riemannian n-manifold, n ≥ 2, of non-positive sectional curvature. It can be compactified by adding a sphere at infinity ∂ ∞ N and equipping the union N ∪∂ ∞ N with the cone topology; see [11] for the details. We say that N satisfies the strict convexity condition (SC condition) if, given x ∈ ∂ ∞ N and a relatively open subset W ⊂ ∂ ∞ N containing x, there exists a C 2 open subset Ω ⊂ N such that x ∈ int ∂ ∞ Ω ⊂ W and N \ Ω is convex. Here int ∂ ∞ Ω denotes the interior of ∂ ∞ Ω in ∂ ∞ N . For later purposes we also denote by bd the boundary relative to ∂ ∞ N . The SC condition was introduced by Ripoll and Telichevesky ( [23] ) in the context of an asymptotic Dirichlet problem for the minimal graph equation.
The H-mean curvature hypersurfaces are natural generalizations of minimal hypersurfaces. Anderson ([3] ) solved the asymptotic Plateau problem in the hyperbolic space H n for absolutely area minimizing varieties of arbitrary dimension and codimension. More precisely, he showed that, for any embedded closed submanifold Γ p−1 ֒→ ∂ ∞ H n in the sphere at infinity, there exists a complete, absolutely area minimizing locally integral p-current Σ ⊂ H n asymptotic to Γ p−1 at infinity. By interior regularity results from geometric measure theory (see [12, 21] ), Σ is smoothly embedded in H n provided that p = n−1 ≤ 6. Using similar methods based on mass minimizing currents, Bangert and Lang extended Anderson's results to Riemannian manifolds that are diffeomorphic and bi-Lipschitz equivalent to a Cartan-Hadamard manifold that has pinched sectional curvature −b 2 ≤ K ≤ −1 ([5]) or that is Gromov hyperbolic and has bounded geometry ( [17] ). In these results the topology of the minimal submanifold is not controlled. We refer to [4, 10, 19, 24] for existence results of complete minimal hypersurfaces with prescribed topology.
Our research is inspired by the papers of Alencar and Rosenberg [1] and of Tonegawa [25] who studied the asymptotic Plateau problem for constant mean curvature hypersurfaces in the hyperbolic space. Tonegawa also investigated the regularity up to the boundary. For existence results of constant mean curvature hypersurfaces in H n that can be represented as graphs we refer to [13, 22] . We refer to [8, 9] for a survey and recent developments on the H-Plateau problem in the hyperbolic space. In this paper we obtain the hypersurfaces M of generalized mean curvature H as reduced boundaries of sets of locally finite perimeter Q in N that locally minimizes a family of functionals
In [6] we searched geometric conditions on N that would imply the SC condition. We were able to verify the SC condition on manifolds whose curvature lower bound could go to −∞ and upper bound to 0 simultaneously at certain rates, or on some manifolds whose sectional curvatures go to −∞ faster than any prescribed rate. For instance, the SC condition holds on N if
for all x ∈ N such that ρ(x) = d(x, o) ≥ R * , R * large enough, and where k > 0, ε > 0, φ > 1/4, and c > 0 are constants. We refer to [6, Theorem 1.3] for more precise conditions. The SC condition was also applied in [6] to solve asymptotic Dirichlet and Plateau problems on Cartan-Hadamard manifolds.
Our main results read as follows.
Theorem 1.1. Let N n be a Cartan-Hadamard manifold satisfying the SC condition. Suppose also that sectional curvatures of N have a negative upper bound Following [1] , we also obtain a multiplicity result: The plan of this note is the following: in Section 2 we introduce the variational problem we are going to consider and prove the first variation formula for smooth hypersurfaces. Using the first variation formula we then obtain a maximum principle. Then, in Section 3 we apply the SC condition and the curvature upper bound to prove a "trapping" lemma (Lemma 3.1). Then we consider the asymptotic H-Plateau problem and prove our main results. 
Prescribed (generalized) mean curvature
Given a continuous function H : N → R we consider the following (Massari) functional F ,
where M andQ are as above. We call such M admissible for the functional F with boundary data Γ. It is worth of pointing out that the parameter s above plays just a technical role and will be dropped, i.e. set to be 0, after Lemma 2.1.
We call H the prescribed mean curvature function. The terminology is justified by the fact that a stationary M of the functional (2.1) has mean curvature H(x) pointing outwardsQ at every point x ∈ M where M is smooth; see e.g. [20] and [18, 17.3] . We refer to [18, Theorem 17.5 and Prop. 17.8] for first variation formulae of perimeter and potential energy. For our purposes, the first variation formula (2.2) for a smooth hypersurface M is sufficient. For the convenience of reader's we sketch its proof. To this end, suppose that M is smooth and admissible for (2.1) with boundary data Γ. Let X be a smooth vector field such that X = 0 on Γ and let Φ be the flow of X. For sufficiently small |t| we denote
To obtain the first variation formula for smooth M we compute
where H is the mean curvature vector field of M . To compute the first term on the right-hand side we apply the co-area formula. For that purpose we define in spt X and for sufficiently small |t| a smooth function f by setting
where ν x is the unit normal to M at x pointing outwardsQ. To verify the last step above, we may assume t → 0 + . Then the setQ t \Q, whenever nonempty for small
Similarly, lim
Thus we obtain the first variation formula
Assuming that a smooth hypersurface M is stationary, i.e.
for all X as above, we conclude that M has prescribed mean curvature H(x) pointing outwardsQ. for all x ∈ S(o, r) and r > 0. We have the following maximum principle which is the counterpart of [14, Lemma 5] , where the proof is given in dimension three in a slightly different setting. 
Here P (Q) stands for the perimeter ofQ. Hence we may suppose that there exists a sequence of smooth (n − 1)-manifolds M i admissible for F with boundary data Γ such that M i \B = ∅ and F (M i ) → F (M ). Therefore it is enough to show that for each M i there exists
is a smooth non-decreasing function such that ρ(t) > 0 if and only if t > r 1 . Then X x , H(x)ν x − H x < 0 for r(x) > r 1 and vanishes elsewhere. Applying the first variation formula to M i with the vector field X we obtain
In particular, deforming M i in the direction of X decreases the value of the functional. Hence by projecting M i \B(o, r 1 ) radially into ∂B(o, r 1 ) and smoothing out the resulting topological (n − 1)-manifold we obtain a smooth M i,1 ⊂B(o, r 1 ) admissible for F with boundary data Γ such that F (M i,1 ) < F (M i ). If r 1 = R, we are done. In case r 1 > R we repeat the argument starting with M i,1 to obtain a smooth M i,2 ⊂B(o, r 1 − ε 2 ) admissible for F with boundary data Γ and F (M i,2 ) < F (M i,1 ). Repeating the argument if necessary we finally obtain M ′ i ⊂B admissible for F with boundary data Γ such that F (M ′ i ) < F (M i ).
The previous lemma implies that we may forget the parameter s and replace the setQ by the open set Q bounded byM ∪ Σ in the definition of the functional (2.1). Abusing the previous notation we define
Again we say that M is admissible for the functional F in (2.4) with the boundary data Γ.
Asymptotic H-Plateau problem
Throughout this section we assume that N satisfies the SC condition and that the sectional curvatures of N are bounded from above by a negative constant −α 2 . Suppose, furthermore, that 
We define
Then Proof. The existence of a minimizer M was obtained above. By Lemma 2.1, it suffices to prove that M ⊂ Λ 0 . Hence its is enough to show that, for all x ∈ ∂ ∞ N \L, M ⊂ (N \ Ω x ) 0 , where (N \ Ω x ) 0 is the r 0 -neighborhood of the (C 2 -smooth) convex set N \ Ω x . Let d = dist(·, N \ Ω x ) be the Riemannian distance to the convex set N \ Ω x . Then d is C 2 -smooth in N \ Ω x and the Hessian comparison theorem [15] implies that
Assume on the contrary that M ∩(N \Ω x ) + 0 = ∅. As in the proof Lemma 2.1 there is a sequence of smooth (n − 1)-manifolds M i admissible for the functional F with boundary data Γ such that 
In particular, deforming M i in the direction of X decreases the value of the functional and repeating the argument as in the proof of Lemma 2.1 we may conclude that the minimizer M must stay inside (N \ Ω x ) 0 . Now we are ready to prove our first main theorem. For convenience we repeat it from Introduction. Proof. The proof is an adaptation of a method of Lang [16] ; see also [5] and [6] . We apply Lemma 3.1 in geodesic balls 
be an open set of locally finite perimeter obtained in (the proof of) Theorem 1.1. Thus its boundary M 1 has constant (generalized) mean curvature towards N \ Q 1 . Repeating the construction with Σ i replaced by
gives another open set Q 2 of locally finite perimeter whose boundary M 2 has constant mean curvature H towards N \ Q 2 . Furthermore, ∂ ∞ Q 2 ⊂ U ′ ∪ L and ∂ ∞ M j = L. In the special case H ≡ 0, Theorem 1.1 yields the existence of an open set W ⊂ N of locally finite perimeter such that S = ∂[W ] is a (mass) minimizing locally rectifiable (n − 1)-current (with integer multiplicity) and ∂ ∞ spt S = L; see also [6, Theorem 1.6] . Then Q 1 ⊂ W and Q 2 ⊂ N \W since otherwise it would be possible to strictly decrease the value of the functional F by replacing M 1 ∩ (N \W ) with spt S ∩ Q 1 , and similarly for Q 2 , M 2 . Hence Q 1 ∩ Q 2 = ∅.
Remark 3.4. Although Q 1 ∩ Q 2 = ∅, the above reasoning does not imply that the boundaries M 1 and M 2 are (pointwise) disjoint. We believe that M 1 ∩ M 2 = ∅ but, unfortunately, we are not able to prove it in full generality. However, using the regularity results from geometric measure theory it is possible to prove that the intersection M 1 ∩ M 2 is rather small and, in particular, an empty set in dimensions n ≤ 7. Indeed, by regularity theory, a minimizer M of the functional (2.4) is a C 2 -smooth (n − 1)-dimensional manifold up to a closed singular set of Hausdorff dimension at most n−8; see e.g. [20, Teorema 5.1, 5.2] . In particular, in dimensions n ≤ 7 a minimizer M is C 2 -smooth. Theorem 3.5. Let Q i and M i , i = 1, 2, be given by Theorem 1.2. Denote by S i the closed singular sets of Hausdorff dimension at most n−8 such that M i \S i , i = 1, 2, are C 2 -smooth submanifolds. Then (M 1 \ S 1 ) ∩ (M 2 \ S 2 ) = ∅. In particular, in dimensions n ≤ 7, the sets S i are empty, and consequently M 1 and M 2 are disjoint.
Proof. Suppose on the contrary that (M 1 \ S 1 ) ∩ (M 2 \ S 2 ) = ∅ and let x ∈ (M 1 \ S 1 ) ∩ (M 2 \ S 2 ). Then M i \ S 1 has constant mean curvature H at x towards N \ Q i . Now both M 1 and M 2 are subsets of N \ Q 2 intersecting tangentially at x. Since M 1 has mean curvature −H at x towards N \ Q 2 and M 2 has mean curvature H at x towards N \ Q 2 , we get a contradiction since H > 0.
